We report the first reliable theoretical calculation of the quantum size correction c which yields the asymptotic ionization energy I(R)ϭWϩ( 1 2 ϩc)/RϩO(R Ϫ2 ) of a simple-metal cluster of radius R. Restricted-variational electronic density profiles are used to evaluate two sets of expressions for the bulk work function W and quantum size correction c: the Koopmans expressions, and the more accurate and profile-insensitive ⌬SCF expressions. We find cϷϪ0.08 for stabilized ͑as for ordinary͒ jellium, and thus for real simple metals. We present parameters from which the density profiles may be reconstructed for a wide range of cluster sizes, including the planar surface. We also discuss how many excess electrons can be bound by a neutral cluster of given size. Within a continuum picture, the criterion for total-energy stability of a negatively charged cluster is less stringent than that for existence of a self-consistent solution.
I. INTRODUCTION
The ionization energy I of a spherical metal cluster approaches the work function W of the planar metal surface as the cluster size tends to infinity. This is expressed by the asymptotic formula
where the cluster radius R is usually defined by 
͑2͒
in terms of the number N of valence electrons in the neutral cluster and the density parameter or Seitz radius r s of the corresponding bulk metal with average electron density n ϭ3/͑4r s 3 ͒. ͑3͒
Within any classical theory, such as the spherical capacitor 1 or image-potential models, 2,3 the size-effect coefficient ␣ in Eq. ͑1͒ takes exactly the value 1 2 ͑in atomic units where e 2 ϭបϭmϭ1, ប 2 /me 2 ϭ1 bohr, and me 4 /ប 2 ϭ1 hartreeϭ27.21 eV͒. A mathematical error in earlier presentations of the image-potential method, 2 suggesting the wrong value 3 8 , has been uncovered and corrected recently. 2 Therefore this arbitrary value is sometimes still employed for the theoretical interpretation of experimental data. 9, 10 Experiments on silver clusters, 10 however, yield almost the value 1 2 for ␣, indicating that the quantum correction c is close to zero for this nonsimple metal. For completeness, we note that the electron affinity of the neutral cluster ͑the binding energy of one excess electron͒ is 4 A͑R ͒ϭWϩ Ϫ 1 2 ϩc R ϩO͑R Ϫ2 ͒. ͑5͒
In previous work, 8 we evaluated c for the jellium model, but this model is not realistic for many of the simple metals, predicting an incorrectly negative surface energy 11 for the metals of higher valence-electron density. In this article, we apply density functional theory 12 to calculate W and c within a model for the simple metals that is much more realistic than jellium. We find cϷϪ0.08 for this stabilized jellium model, 13 as for ordinary jellium. The only inputs to this model are the bulk density n and the fact that the energy per electron in the bulk metal must minimize at this density, while the outputs are realistic surface properties for any simple metal. [13] [14] [15] Like c to which it is related, 5 the curvature energy a c or size effect correction to the surface energy a s was previously found to be almost the same 14 in stabilized as in ordinary jellium.
The stabilized jellium or structureless pseudopotential model 13 starts from an expression for the total energy of a collection of valence electrons and close-packed ions, with the electron-ion interaction described by a local pseudopotential. The small terms of second-and higher-order in the pseudopotential are then dropped. The first-order term, effectively a constant potential over the interior of the metal, is adjusted to make the energy minimize at the given bulk den-sity n . The surface properties of stabilized jellium are independent 13 of the valence z, which we take to be 1 for simplicity.
In the following section, we recall several explicit expressions 8 for W and c in the stabilized jellium model. The exact Koopmans and ⌬SCF expressions are equivalent for density profiles that solve the Euler equation ␦E/␦n(r) ϭ, but give results with significantly different accuracies for restricted-variational profiles. We also present parameters from which the density profiles may be reconstructed for a wide range of cluster sizes, including the planar surface, and show plots of the corresponding electron density profiles which are the only input to these expressions for W and c. These profiles are obtained from restricted densityvariational calculations, described in Sec. III, where we also evaluate the expressions to obtain theoretical values for the work function W, the coefficient c, and the surface energy a s in the stabilized jellium model. By comparing to ''direct'' results from a fit to numerical ionization energies, we confirm that the ''displaced-profile-change-in-self-consistentfield'' ͑⌬SCF͒ expressions are by far the more profileinsensitive and accurate ones. The only previous calculations of c for stabilized jellium 16, 17 were based on the lowaccuracy Koopmans expression; those early estimates are substantially revised here.
In Sec. IV, we apply our results for W and c to predict how many excess electrons can be bound by a cluster of a given size. Within a continuum picture such as the liquid drop model or the local density approximation, we find that the total-energy criterion for stability of a negatively charged cluster is less stringent than the condition for existence of a self-consistent solution. This observation is relevant to a recent controversy 18, 19 over the existence of negative ions within the local density approximation.
Our numerical results are compared to both results of self-consistent Kohn-Sham calculations and experimental ionization energies for small clusters in Sec. V. Our conclusions are summarized in Sec. VI.
II. THEORETICAL EXPRESSIONS FOR W AND c
In both jellium 11, 20 and stabilized jellium, 13 which are intended to model the simple metals, the work function W and the quantum correction c to the size-effect coefficient ␣ can be expressed explicitly 8 in terms of the electronic density profile n(x) of the planar metal surface and its size-effect correction f (x) in the expansion
of the density profile n R (x) of a neutral cluster with finite radius R. ͓The coordinate xϭrϪR gives the distance from the edge of the spherical-jellium positive background. Integrals of f (x) and n(x) are related via Eq. ͑A5͒ of Ref.
5.͔ Figure 1͑a͒ shows plots of these functions for stabilized jellium, obtained from the restricted variational calculations described in the next section. n(x) approaches the bulk density n as x→Ϫϱ, and tends to zero as x→ϩϱ. The function f (x) must tend to zero in both directions x→Ϯϱ far away from the jellium edge xϭ0, because the density n R (x) of a large finite cluster approaches the bulk value n deep inside the cluster. We neglect self-compression effects. 21 In the next section, we use these functions to calculate W and c from the ''⌬SCF'' expressions 22, 23, 7, 8 
͑8͒
where e kxc (n ) is the noninteracting kinetic plus exchangecorrelation energy per electron in the homogeneous bulk metal of density n . Eq. ͑7͒ from Ref. 13 Fig. 1͑a͒ . (x), the electrostatic potential energy of an electron at the planar surface, is given in units of the bulk Fermi energy
The ordinary-jellium expression a s J ͓n͔, e.g., Eq. ͑73͒ in Ref.
7, is recovered by setting ͗␦v͘ WS ϭ0.
We can use the profiles n(x) and f (x) to calculate 5,7 the electrostatic potential energy (x) of an electron at the planar metal surface and its size correction h(x) in the expansion
of the electrostatic potential of finite clusters with radius R.
The results for stabilized jellium, obtained from the functions shown in Fig. 1͑a͒ , are plotted in Fig. 1͑b͒ . By convention, (ϩϱ)ϭh(ϩϱ)ϭ0. 
͑13͒

cϭ⌬h. ͑14͒
Again, as in the ''⌬SCF'' expressions ͑7͒,͑8͒ for stabilized jellium, the ordinary-jellium expressions are recovered by setting ͗␦v͘ WS ϭ0. Eq. ͑14͒ was derived in Ref. 16 .
III. DENSITY-VARIATIONAL CALCULATIONS IN THE STABILIZED JELLIUM MODEL
As we have pointed out in Ref. 8 , the ⌬SCF expressions ͑7͒,͑8͒ are equivalent to the Koopmans expressions ͑13͒,͑14͒ if evaluated with the correct functions n(x) and f (x), extracted from self-consistent ground-state densities n R (x) which solve the Euler equation for finite clusters. In contrast, if restricted-variational approximations to n(x) and f (x) are used, the Koopmans expressions are expected to yield less accurate results than the ⌬SCF expressions. The reason for this different behavior has been discussed in detail in Ref. 8 , where we have also presented numerical data for the case of ordinary jellium. In the present work, we demonstrate this for the stabilized jellium model.
We employ the restricted density variational method of Ref. 24 with the parametrization
for the density profile. , subject to the normalization condition
͑Here, for the case of charged clusters, is the number of excess electrons.͒ As in Ref. 7 , we use for the noninteracting kinetic energy functional T s ͓n͔ the fourth-order gradient expansion of the extended Thomas-Fermi model. 7 For an accurate description of the uniform density limit, we use the Perdew-Wang local-density approximation 25 to the exchange-correlation energy functional E xc ͓n͔. In particular, in contrast to earlier work, 7 we include the term
in the functional ͑16͒, which turns ordinary jellium into stabilized jellium. 13 Here n ϩR (r)ϭn ⌰(RϪr) is the density of the positive background. The first term of Eq. ͑18͒ is purely a bulk term; it affects nothing calculated in this article, but yields the most realistic bulk moduli with the choice zϭ1. 13 The second term includes an interaction between the electrons and the averaged short-range part of the pseudopotential, which vanishes outside and equals ͗␦v͘ WS inside the positive background. Note that ͗␦v͘ WS is positive for r s Ͼ4.2 and negative for r s Ͻ4.2.
This variational procedure yields approximations to the ground-state densities n R (x) of neutral clusters. For large N, the resulting values of the density parameters d, a, and ␥ in Eq. ͑15͒ can be expanded in the form
͑and similarly for a and ␥͒, where d ϱ , a ϱ , and ␥ ϱ are the corresponding parameters for the density profile of the planar surface. Table I gives the coefficients in these expansions, obtained from least-squares fits to the parameters of clusters with 10 000ϽNϽ100 000. This Note the systematic differences between these parameters and the corresponding ones for ordinary jellium ͑Table I in Ref. 7͒ , where a ϱ Ϸ0.5 bohr for all different r s . In the present case, however, a ϱ is strongly r s -dependent, indicating that the stabilized-jellium profiles for r s ϭ2 are almost twice as steep at the jellium edge as the ones for r s ϭ6. This can be seen clearly in Fig. 1͑a͒ . From the coefficients in Table I , we can immediately calculate 7 the corresponding functions n(x) and f (x) in expansion ͑6͒, and thus also (x) and h(x) in Eq. ͑10͒. The results for r s ϭ2,4,6 are plotted in Fig. 1 . We use these functions to evaluate both the ⌬SCF expressions ͑7͒, ͑8͒ and the Koopmans expressions ͑13͒, ͑14͒ for W and c. The results are presented in Table II. For r s у3, the two different types of expressions yield significantly different results, particularly for the coefficient c. The reason for this discrepancy is that we are using approximations to the exact functions n(x) and f (x). As we have explained in Ref. 8 , the Koopmans expressions are equivalent to the ⌬SCF expressions if evaluated with the exact functions, but are much more sensitive to small inaccuracies in these functions. ͓Note that the Koopmans values for c, listed in Table II , are also the step heights ⌬h of the functions h(x) in Fig. 1͑b͒ , according to Eq. ͑14͒.͔ To confirm this observation, Table II also contains the direct numerical values for W and c, obtained from fitting Eq. ͑1͒ to the numerical ionization energies I(R)ϭE(N, ϭϪ1)ϪE(N,0), which are calculated as energy differences between positive singly charged and neutral clusters. We call these values ''direct'' because they involve the energies E(N,Ϫ1) of the charged clusters. In contrast, the functions n(x) and f (x), used in evaluating the ⌬SCF and Koopmans expressions, are extracted from the densities of neutral clusters.
The ⌬SCF values are strikingly close to the direct numerical values, apart from numerical uncertainties which produce a small oscillation in the latter. The Koopmans values, however, are far off these direct numerical results. For c, which is numerically almost equal to the constant Ϫ0.08, the Koopmans values fall close to zero at the lower densities (r s ϭ6). This is particularly clear from Fig. 2 , where the results are presented graphically versus r s . Our Koopmans values of c for stabilized jellium differ by less than 0.01 from those of Kiejna and Pogosov.
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IV. HOW MANY EXCESS ELECTRONS CAN BE BOUND BY A SIMPLE-METAL CLUSTER?
In Ref. 26 , we presented a continuum or liquid drop model ͑LDM͒ 7 for the energy of a charged spherical cluster with excess electrons ͑and net charge Ϫ͒:
where ) and is therefore not relevant in Ref. 7 . Eq. ͑20͒ neglects shell-structure oscillations, to which we turn in Sec. V.
For integer values of the excess electron number within an open shell, the exact energies E(N,) vs fall more or less upon a smooth curve which is nicely imitated by Eq. ͑20͒, as we have indicated in Fig. 3 . Thus Eq. ͑20͒ not only implies Eqs. ͑1͒, ͑4͒, and ͑5͒, but can be used to estimate higher-order ionization energies and electron affinities. This equation also tells us what to expect for noninteger within an open shell from a continuous density functional approximation like the local density approximation ͑LDA͒.
To bind a given number of excess electrons, the cluster size N must be sufficiently large. Moreover, the condition for the existence of a self-consistent solution to the Kohn-Sham equations, ‫ץ‬E(N,)/‫ץ‬Ͻ0, in a continuum approximation like LDA where the energy is a smooth function of , is more stringent than the condition that the total energy be lowered by the addition of one more electron, E(N,) ϪE(N,Ϫ1)Ͻ0. This is illustrated in Fig. 3 , where the smooth energy curve of Eq. ͑20͒ increases with for Ͼ1.6, although it has its lowest value for integer at ϭ2. This curve predicts that a Na cluster (r s Ϸ4) with Nϭ50 atoms can bind ϭ2 excess electrons. However, there is no self-consistent LDA solution which localizes 2 excess electrons on the cluster. There is a self-consistent LDA solution which localizes 1.6 excess electrons on the cluster, with the remaining 0.4 electrons distributed over all space.
From Eq. ͑20͒, there is a self-consistent solution with excess electrons on the cluster if NϾN sc , where
but the energy is lower for electrons than for Ϫ1 when NϾN E , where 28 in which the last excess electron goes into an orbital of zero energy which is partly localized on the cluster and partly delocalized over all of space. In the exact density functional theory, 12 the two different conditions listed in the paragraph before Eq. ͑21͒ are equivalent, since the exact energy E(N,) runs linearly between each pair of successive integers and ϩ1, 29 as shown by the dashed curve in Fig. 3 . ͑Noninteger electron numbers can arise in an average or ensemble sense [29] [30] [31] for an open system which exchanges electrons with its environment.͒ These conditions are not equivalent within the local density approximation, because this approximation makes a selfinteraction error which is larger 30, 31 for noninteger than for integer electron numbers. When a self-interaction correction 32 is applied, even individual atoms find selfconsistent negative-ion solutions. 33 For simplicity, we have dicussed only the local density approximation, but the situation is very similar within the local spin density approximation, where the self-interaction error is only slightly smaller, and where the ionization energies of Na clusters ͑evaluated as total-energy differences͒ are essentially the same. ͑Compare solved numerically on a radial grid, the answer is no. 19, 28 But, within a finite Gaussian basis ͑even one that includes diffuse Gaussians͒, the answer seems to be yes. 18 We suggest that, to find the proper zero-energy resonance, the basis would have to be flexible enough to admit a Kohn-Sham orbital with two lobes-a large-amplitude lobe on the atom and a diffuse small-amplitude lobe far away-tenuously connected through the potential barrier created by the fractional excess charge on the atom. However, attempts in our group 35 to find such a zero-energy resonance with the CADPAC 36 program have not been successful; the extra electron unexpectedly goes into an atom-localized orbital of positive energy.
V. SELF-CONSISTENT KOHN-SHAM CALCULATIONS, AND A COMPARISON WITH EXPERIMENT
For small clusters, we have also solved the Kohn-Sham ͑KS͒ equations 12 for the energy functional ͑16͒, within the spin-unpolarized local density approximation. Instead of the Perdew-Wang correlation-energy functional, however, we have here used the very similar correlation-energy functional by Vosko, Wilk, and Nusair. 37 The KS equations do not require an approximation to the unknown functional T s ͓n͔ in ͑16͒, since the noninteracting kinetic energy is represented by its exact quantum-mechanical operator. Therefore the KS results reflect the microscopic shell effects present in real clusters ͑cf. Fig. 4͒ . In particular, the KS equations yield self-consistent density profiles n R KS (x) which are not restricted to a parametrized form such as ͑15͒.
Due to the strong shell-effect variations, it is difficult to extract an approximation f KS (x) to the function f (x) in the expansion ͑6͒ from the Kohn-Sham density profiles of small spherical clusters. If it could be so extracted, this function f KS (x), together with the KS density profile n KS (x) of the planar metal surface, should yield complete agreement between the Koopmans and ⌬SCF results for W and c.
For sufficiently large radii R, the functions f R KS (x) ϵR͓n R KS (x)Ϫn KS (x)͔ are expected to approach the exact function f (x) in ͑6͒. For clusters with NϽ400, however, these approximations to f (x) still yield very inaccurate c values from Eq. ͑8͒ which oscillate strongly about cϷ Ϫ0.08 ͑see Fig. 1 Unlike the function f KS (x), the KS density profile n KS (x) of the planar metal surface can be calculated directly. 11, 14 Thus for W and a s ͑but not for c͒, we can test the effect of replacing the more realistic n KS (x) by the restricted-variational density profile for the extended Thomas-Fermi approximation. Table IV shows stabilizedjellium values of the ⌬SCF expression ͑7͒ for the work function W, evaluated with the KS density profile n KS (x) and with the variational profile from the preceding section, respectively. The table also shows stabilized-jellium values a s SJ ͓n͔ of the surface energy, Eq. ͑9͒, obtained from the same density profiles. Although the variational density profile does not show the Friedel oscillations of the more realistic KS profile n KS (x), the ⌬SCF expression ͑7͒ yields almost the same results for both kinds of profiles.
In order to check our size-effect coefficients of Table II against the predictions of KS theory for small clusters, we have plotted the KS ionization energies of spherical stabilized-jellium clusters with r s ϭ3.99 in Fig. 4 . For small clusters (NϷ1), the radius R becomes comparable to the radial centroid of excess charge, e.g., ␦ϭ1.27 bohr for r s ϭ4.
15 Therefore, instead of Eq. ͑1͒ we use here the expression
resulting from Eq. ͑20͒ by the definition I(R)ϭE(N,ϭ Ϫ1)ϪE(N,ϭ0). The constant ␦ in the denominator of ͑23͒ does not affect the value of the asymptotic R Ϫ1 coefficient ␣ in the expansion ͑1͒, but contributes to the higher order (R Ϫ2 ) terms which become important for small clusters. Figure 4 compares the Kohn-Sham ionization energies ͑the oscillating solid curve͒ against the prediction of Eq. ͑23͒ ͑solid line͒. This figure also compares measured ionization energies of Na (r s ϭ3.99) clusters [38] [39] [40] ͑dots͒ against Eq. ͑23͒ ͑dotted line͒.
Two conclusions emerge from Fig. 4 : ͑1͒ The KohnSham ionization energies of spherical stabilized-jellium clusters execute a strong shell-structure oscillation around the prediction of Eq. ͑23͒ ͑with ␣ϭ0. 42 
VI. SUMMARY AND CONCLUSIONS
We have presented the density profile n(x) of the planar metal surface and its finite-size correction f (x)/R for the profile n R (x) of a finite neutral cluster with radius R, extracted from restricted density-variational calculations in the stabilized jellium model. These fundamental functions n(x) and f (x) are the only input to two different but formally exact sets of theoretical expressions for the bulk work function W and for the quantum size-correction coefficient c in the ionization energies I(R) and electron affinities A(R) of finite clusters.
Since we use approximate profiles n(x) and f (x) from restricted density-variational calculations, we can clearly demonstrate that, in the stabilized as in the ordinary jellium model, the ⌬SCF expressions are highly accurate, i.e., insensitive to errors in the profiles. Unlike the Koopmans expressions, they yield results very close to the ''direct'' values of W and c. These ''direct'' values are obtained from a numerical fit to the restricted-variational ionization energies of finite clusters, calculated as energy differences between charged and neutral clusters.
The Koopmans and ⌬SCF expressions would yield identical and appropriate results if their input functions n(x) and f (x) were found from selfconsistent solution of an Euler equation for finite clusters. This might be the Euler equation of the extended Thomas-Fermi problem, or of the KohnSham problem. The most realistic choice is the latter, but its shell-structure oscillations make it very difficult to extract a useful f (x) from Kohn-Sham densities of finite clusters, and we have not been able to do so.
Therefore our method, employing the ⌬SCF expressions, provides simple access to accurate theoretical ionization energies and electron affinities of large clusters. Remarkably, it does not require any information about the properties of charged clusters, since the functions n(x) and f (x) are obtained from neutral-cluster density profiles.
The stabilized jellium model is expected to be realistic for most simple metals, for which we predict the quantum correction cϷϪ0.08 in Eqs. ͑4͒ and ͑1͒ ͑or Ϫ0.05 for the higher-density metals.͒ Different values of c may well arise for noble or transition metals.
Even for small clusters, our approach provides useful results, if we introduce the radial centroid Rϩ␦ of infinitesimal excess charge, which in a small cluster is significantly different from the radius R. From our W and c values, we can then calculate how many excess electrons can be bound by a cluster of given size. In particular, we can explain why some stable negative clusters cannot find selfconsistent solutions within a continuum approximation such as LDA.
